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                      Abstract 
  We give a new elementary proof of Igusa's theorem on the structure 
of Siegel modular forms of genus 2. The key point of the proof is the 
estimation of the dimension of Jacobi forms appearing in the Fourier-
Jacobi development of Siegel modular forms. This proves not only 
Igusa's theorem, but also gives the canonical lifting from Jacobi forms 
to Siegel modular forms of genus 2.
1 Igusa's theorem 
On the Siegel upper-half plane of genus g E N 
lig:= {Z=tZEMg(C) Im(Z)>0}, 
the symplectic group 
   _AB—tCB   Sp9(IlS){M=(CDE SLzs(R)tACtADtCAtBD==E9,t B 
acts by 
I1-119 Z H M(Z) := (AZ + B)(CZ + D)-1 E ffi[9. 
For k E 7L, the function F is a Siegel modular form of genus g and weight k, 
if F satisfies the following conditions: 
(S1) F : IHIg —> Cis holomorphic. 
(S2) F(Z) = det(CZ + D)-kF (M(Z)) for any M = (c D) E Spg(Z).
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(S3) F has the Fourier expansion 
         F(Z)  =  E a(T) exp(iricr(TZ)), 
T=tT>0,even integral 
    where a means the trace of the matrix. 
We remark that the condition (S3) is induced by the conditions (S1) and 
(52) if g > 2. Let G(k, Sp9(Z)) be the C-vector space of all Siegel modular 
forms of genus g and weight k. The following properties about G(k, Spg(Z)) 
are well-known.
(S4) G(0, Sp 9(Z)) = C and G(k, Sp 9(Z)) = {0} if k < 0. 
About more details of Siegel modular forms, for instance, see Freitag [3]. 
  Put Mk := G(k, Spl(Z)) and M. := ®k Mk be the induced graded ring. 
It is well-known that
M. = C[e4, es], 
where ek is the Eisenstein series of weight k for k = 4, 6. These two generators 
are algebraically independent. 
  Put Mk := G(k, Sp2(Z)) and M. := ®k Mk be the induced graded ring. 
Igusa [4, 5] showed the structure of M. 
Theorem 1 (Igusa) The structure of M. is 
M. = C[E4, Es, 010, 012] e 035C[E4, Es, 01c, Al2] 7 
                                               where Ek is the Eisenstein Series of weight k for k = 4, 6 and Ok is the
unique cusp forms of weight k for k = 10,12, 35. 
  Now, we give another and more elementary proof of this theorem. For 
an element of Mk, we consider the Fourier expansion with respect to the last 
variable. This gives an injection from Mk to the spaces of Jacobi forms. We 
can give the upper bound of the dimension of this image by a similar method 
in the book of Eichler-Zagier [1]. Surprisingly, this upper bound coincides 
with the exact dimension of Mk. This proves not only Igusa's theorem, but 




For k E Z and  m E  No, the function co is a Jacobi form of weight k and index 
m, if yo satisfies the following conditions: 
(J1) co : 1.111 x C -p C is holomorphic. 
(J2) (p(T, z) = (cT } d)-ke(~ +d2)cp(caT+d, cT+d)for any (~ d) E SL2(Z), where 
    e(*) := exp(27r*). 
(J3) cp(T, z) = gms2(2mscp(T, z + XT + y) for any x, y E Z, where q := e(r), 
C := e(z). 
(J4) co has the Fourier expansion 
cp(T, z) = E a(n, l)gn(i. 
4mn—(2>0 
Let Jk,m be the C-vector space of all Jacobi forms of weight k and index m. 
In the book of Eichler-Zagier [1], they prove the following theorem. 
Theorem 2 (Eichler-Zagier [1] Theorem 3.1 and 3.4) We have the 
following relations between Jacobi forms and Siegel modular forms. 
(A) For each v E No and k E N, there exists a polynomial Pv that induces 
    the map Dv: 
(p(r, z) = E a(n, l)qn(' E Jk,m 
n,l 
H Dvcp(T) := E P,, (l, nm)a(n, l)qn E Mk+v• 
n,l 
(B) The maps Dv induce injections 
            7l0 D2v: ~k,m—4 n0 Mk-4-2v(k even)             ll v11 D2v-1 : Jk,m --> 117:11 Mk+2v-1 (k odd, m> 2)• 
If k is odd, Jk,0={O} and lfk,1={0}. 
  For r E No, we put 
    4r7 := cp(T, z) = E a(n, l)gnCi EJk,m I a(n,1) = 0 if n < r 
nj 
                        3
and 
 M(kr) := f (T) _ E a(n)gn e Mk Ia(n) = 0 if n < r 
We remark Jk,m=''k°> 3 llklm 3-k2'D • • •and Mk = Mk°l D Mkn 
• • •. The following lemma is easily induced from Theorem 2. 
Lemma 3 We have the following estimation,
dire i(L< 
The element A(T) := q 
dim Mir-112). Hence dim 
  We define Pm : Mk
 ent O-
M 
'   3 . 
               Mk
where p := e(w). Under this 
       /a060  1           0100x.0 01 Y. *.) E SP2(Z)               cOdO ' 
             0001 
give the translation formulas 
invariance by the translation
gives the condition 
We put 
  Mir) := {F(T 
                         z We remark Mk = 
sequence 
            0




>vo dim Mk+2„ (k even) 
E7-11 dim Mk+2v_1 (kodd, m > 2) . 
,0(k odd, m<1) 
              induces the relation dim Mkr) = 
               the Fourier-Jacobi development 
m(r, z)pm, 
his development, the translations with respect to 
LOO y 7  Y * ) E Sp2(Z) ((a) E SL2(7G)/ x,yE7G 
               of Jacobi forms. The modular 





These elements generate Sp2(7L). 
(pm (T,z)=0ifm<r . 
. Then we have the exact 
              ) Pr  -k-kJk,r • 
       4
The condition  F(  7 
Pr. In terms of the 
the condition F(z )
) = (-1)kF(Z T) gives an information of the image of 
Fourier expansion Mk 9 F(z f,) = > a(n,1, m)gn , 
= (-1)kF(z T) means a(n, 1, m) = (-1)ka(m,1, n).
  Now we assume that k is 
induces the exact sequence
even. The con dition a(n,1, m) =a(m,1, n)
0 M(krf1) ----------- M(kr)
  Pr ff (r)
and the estimation




< E dim Mk+2v-12r, 
v-0
we haveJ(kr)_{0} for sufficiently large r, and hence 
{0}. Then we have
Mir) Mkr+1) _ ... _
                00 
dim Mk <dim,~kr) 
r-0 
00 r 
< EE dim 
            r-0 v-0
Mk+2v-12r •





(1 — t4)(1 — t6) (1 — t4)(1 - t6)(1 - tl°)(1 - t12)•
(1)
Assume the existence of the generators E4, E6, 010, -^12 and their algebraic 
independence for a while. Then (1) shows that the graded ring of even weight 
is generated by these generators. We have also the short exact sequence
0 M(kr+1) M(r)
  Pr (r) 
`pk,r
-) 0.
  Now we assume that 
especially a(m,1, m) = 0,
k 
in
is odd. The condition a(n, 1, m) = 
duces the exact sequence
—a(m,1, n),
0~ M(kr+1)------ Mkr)  Pr irrk+1) 
                 •
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Similarly to the even case, we have
               00 
 dim  Mk < E dim ll(rT1) 
r=0 
0o r-1 
< EE dim Mk+2v-12r-13• 
            r=2 v=1





(1 — t4)(1 — t6) (1 — t4)(1 — t6)(1 — t10)(1 — tl2).
This shows that any modular form of odd weight is the product of A35 and a 
modular form of even weight, if we admit the existence of L35 due to Igusa. 
We have also the short exact sequence
0 —> m(r+1) _ mkr)irkrr1~       0.
  We have thus given a new proof of Igusa's theorem, assuming the exis-
tence of the generators E4, E6, Olo, 012, 035 and the algebraic independence 
of the even generators. We now briefly discuss their existence and algebraic 
independence. Using theta series, the even generators were constructed in 
Igusa [4] and Freitag [2], while 035 was constructed in Igusa [5]. The explicit 
relation 035 E C[E4, Es, AD, 012] was given by Igusa [6]. We remark that the 
existence of E4, E6, Olo, 012 also follows using Jacobi forms from the follow-
ing proposition (cf. Eichler-Zagier [1] Theorem 6.2), which is a consequence 
of Saito-Kurokawa lifting.
Proposition 4 For 
Mk such that P1(F) =
any cp(r, z) = > a(n, l)gT(l E Jk,l, 




Finally, we prove the algebraic independence of E4, E6, OloandL12. 






z ,) = e4(r) + 240e4,1(z, r)p + ... 
z ,) = es(r) —504es1(z,T)p-I-... 
z zi) =0-I-colo,1(z,r)p+... 
=0+(0-47r20(x)z2+...)p+... 





where  ek,l is the unique Jacobi form of weight k = 4, 6 and index 1, and cpk,1 
is the unique Jacobi cusp form of weight k = 10,12 and index 1. Now we 
show their algebraic independence. Suppose 
aiE44E6i0 oDi2 = 0(2) 
4b4+6c,+10d,+12e,=k 
and ai 0 0 for any i. Let .s := min{di + ei} and t := min{di d, + et = s}. 
Then the contribution to the coefficient of psz2t in (2) only comes from ei = 
s — t and di = t. Hence we have 
aie4`e6c`(-4ir20)t(120)s-t = 0. 
4b,+6c,+lOt+12(s—t)=k 
That is,a=ieb`e``= 0.Fromthe algebraicindependence        4b,+6c,+10t+12(8—t)=k46 agip 
of e4 and e6, we have ai = 0 when ei = s — t, di = t. This is a contradiction. 
Hence E4, E6, Olo, Al2 are algebraically independent. 
3 Lifting 
Let 0035,2 := P2(035) E 4352. As seen in the previous ection, we have the 
following commutative diagram 
  (odd weight) 0 —+ Mk+ 5) Mk+35 P. 4+35,r+2 —> 0 
1 I X 035 1 I X 035l I X (P35,2 
 (even weight) 0 MkMk)Pryj(r)  0 
We shall give the splitting map of these exact sequences. From the previous 
section, we have the dimension formula 
                                                      r 
                 dim 1f(kr)= E dim M(r) 
v=0 
for any even weight k, hence the generating function is 
     0000 CO r 
dim Jkr) t/esr =E dim Mk+2v_l2rtksr 
      kE2Z r=0k=0 r=0 v=0 
co r t12r-2v
s7 
                46 
r=o v=0(1—t)(1—t) 
      _ 1 
                       (1 — t4)(1 — t6)(1 — t10s)(1 — t12s)• 
                           7
Therefore we have the expression 
 co 
            (*) =®                  even'J1c  r— C{e4, e6, CO10,1) (P12,1]• 
                         kE2Z r=0 
We remark that this graded ring structure also can be induced from the 
theory of weak Jacobi forms, given by Eichler-Zagier [1] Theorem 9.3. The 
correspondences ek H Ek for k = 4, 6 and cPk,1 ' Lk for k = 10,12 induce 
the ring homomorphism L : tv)n -* M. For even weight k, define Lk,,. : 
J(kr~ —* M(kr) be a restriction of L. This Lk,,. satisfies Pr 0 Lk,r = id and splits 
the exact sequence. For any odd weight k, define Lk,r:J'1)-~kr' by 
Lk,r((P) := A35 • Lk-35,r-3(c035w,2)• Also this Lk,rsatisfies Pr 0Lk,r= id and 
splits the exact sequence. We have proved the following theorem. 
Theorem 5 We have the following result: 
(A) Let k be an even integer. 
    (a) The sequence 0—~kr+1)—>Mir)~kr'—p 0 is exact. 
     (b)  Jic,r= C[e4, e6, (P10,1, (P12,1]• 
                    kE2Z r=0 
    (c) Define the ring homomorphism L : J(v)en — Nt. by .ek H Ek for 
        k = 4, 6 and cpk,1 -4 Ak for k = 10,12, and Lk,,.:1fkr~ M(;) be a 
        restriction of L. Then Lk,r splits (a), that is, Pr 0 Lk,r = id. 
(B) Let k be an odd integer. 
    (a) The sequence 0 —> Mkr+1) --> Jkrr 1) —> 0 is exact. 
    (b) Define Lk,r : r+1) Mir) by Lk,r((P) := A35 • Lk-35,r-3(35,2 )• 
        Then Lk,,. splits (a), that is, Pr o Lk,r = id, 
  Remark Theorem 5(A) is proved only using the theory of Jacobi forms, 
and we do not use the theory of theta series, which was used in the proof of 
Igusa and the one of Freitag. But in the proof of (B), we use the existence 
of A35, that was given by Igusa using theta series. The problem to construct 
L35,2 directly not using A35, is still open. 
  Acknowledgment I am deeply grateful to Professor Kyoji Saito for his 
encouragement. I would like to thank Professor Don Zagier and Professor 
Takashi Sugano for their useful advice and discussions.
8
References 
[1] Eichler, M., Zagier D., The Theory of Jacobi Forms, Progress in Math. 
   55,  Birkhauser, Boston, 1985. 
[2] Freitag, E., Zur Theorie der Modulformen zweiten Grades (German), 
   Nachr. Akad. Wiss. Gottingen, (1965), 151-157. 
[3] Freitag, E., Siegelsche Modulfunktionen (German), GMW254, Springer 
   Verlag, Berlin, 1983. 
[4] Igusa, J., On Siegel modular forms of genus two, Amer. J. Math. 
   84(1962), 175-200. 
[5] Igusa, J., On Siegel modular forms of genus two (II), Amer. J. Math. 
   86(1964), 392-412. 
[6] Igusa, J., Modular Forms and Projective Invariants, Amer. J. Math. 
   89(1967), 817-855.
9
